CURVES INVARIANT UNDER POINT-TRANSFORMATIONS OF
SPECIAL TYPE*

BY

MARY F. CURTIS

Introduction. The analytic curves which are invariant under an analytic
point-transformation with a fixed point and go through the fixed point have been
elegantly treated by Lattés, who showed that for a transformation of a cer-
tain general class there exist just two invariant analytic curves. The facts
for the transformations which Lattés’ methods can not handle are more compli-
cated. In the particular transformations investigated in this paper, of impor-
tance because of their relation to the problem of three bodies], it turns out
that there may be no formally invariant curve, a finite number or a single in-
finity and that, even when a formally invariant series development exists, it is
not, as in Lattes’ case, always convergent.

1. Preliminary discussion. Given the point transformation:
(1) Q: m =Xy, n=Yky),

where at least one point, taken without loss of generality as (0,0), remains fixed
and where the functions:

X, 9) = Zaijxiyjr Y(x,9) =Eb4j55i3’j

i+j=1 iti=1
are single-valued, analytic functions of the complex variables x, y in (0,0).

We fix our attention on those transformations for which the roots p;, p; of the
characteristic equation:§

Xe—p X,
=0
Y, Yy_P 0,0)

* Presented to the Society, September 5, 1918.

t Lattes, Sur les équations fonctionelles qui définissent une courbe ou une surface invariante
par une transformation, Annali di Matematica, ser. 3, vol. 13 (1906-1907), pp.
1-137.

} Levi-Civita, Comptes Rendus, vol. 131, p. 103; Sopra alcuni criteri di
instabilitd, Annali di Matematica,ser.3, vol. 5 (1901), pp. 221-307.

§ Picard, Traité d’ Analyse, vol. 3, pp. 23—46; Poincaré, Sur les courbes définies par les équa-
tions différentielles, 4¢ Partie, Journal de Liouville, (1886), pp. 173-195;
Lattes, loc. cit.
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are both equal to unity* and for which not all the coefficients of the quadratic
terms are zero, namely the transformations:

wn=x+ pxy =2+ iaijxiyi ,
@ T el
=9+ =3+ by,

where the a;, b;;, ¢ + 7 = 2, are not all zero. We propose to determine condi-

tions for the existence of analytic curves through (0,0) invariant under (2)

restricting the discussion to those curves for which (0,0) is a regular poirt.}{
If the curve y = ¢(x):

lx', analytic at x = 0

®3) y(x) =

p-)
=1

is invariant under the transformation 7T, given by (2), that is, if y, = ¥ (x1)
transformed by 71 yields y = ¥(x), we have

(4) ¥(@) + r(xd(x) = ¥ + plrd(x))).

By equating coefficients of corresponding powers of x on the two sides of this
identity we obtain a set of relations in the coefficients /; of ¢(x) and in the coeffi-
cients ay, b; of (2). These relations constitute a set of necessary conditions
on the [; for the existence of an analytic curve or curves y = Y(x) invariant
under (2). Moreover the sets of solutions l;, Iy, ... of these relations determine
all the developments (3) formally invariant under (2), that is, determine all
the formally invariant curves.

* The general transformations (1), as far as the linear terms are concerned, fall into three
least invariant classes with respect to the group of affine transformations S, of §3, leaving the
origin fixed. If the roots p;, p: are distinct, there exists an .S such that the transform of Q by
S is of the form:

00 . © .o
(1a) % = px + 2 aiix’y’, v = py + Zhiix’y, pip2 # 0.
< i4i=2 iti=2
If po = p2 = p # 0, there exists an S, transforming (1) into
© .. - @ . :
(10) x=px+y+2Zaix'y, n=py+2Zbhix'y, p#0,
iti=2 itji=2
except when (1) is already of the form:
0 . . @ .o
(10) x = px + Zaix'y’, y1 = py + 2 biix*y’,p # 0.
i+i=2 iti=2

The transformations (1a) have been completely investigated by Lattés except for the cases in
which p1 = po*, p2 = p1*, 7 a positive integer.

t Study: Ebene analytische Kurven, 1911, p. 39.
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The first four relations obtained from (4), aside from the trivial relation I,
= |, are:

ha—B: = 0,
hos—Bs + 12(2012 + a;ll_B;) =0,
hay—Bs + b(Bas + agh—B;) + 55(20; + 2oz h—B5))
09) + b(af + 2a5 + azh— B5) =0,
has—Bs + (4 + agh—B) + Lls(5ay + aylh — 87) + By
+hBas + 3a; + agh—B3) + (20 + 2000, + 2(as hi—B7))
+ L(2a4 + 2503 + ajh—B) = 0,

where the primes denote differentiation with respect to /; and

a; =Zarsli y B =Zbrsli .
r+s=1 r+s=4
The compact formula for the nth relation obtained from (4) is derived in §2.
The derivation is complicated and unessential for reading what follows. It is
sufficient to note that the formula furnishes an immediate proof that the nth
relation contains no [ with subscript greater than » and that it involves /, linearly
with the coefficient:

G) M) =na+ agh—By= (n+ 2)anl? + ((n + 1an—2be)h
+ nage—bu, n> 1.

The first equation in (I) is a cubic in /; with coefficients from the quadratic

terms of (2) If we set w1 = Qo 3(:.)2 = an — boz, 30)3 = Qg — bu, wg = —bzo,
it may be written: '
(6) L(l]) = wllf + 30)21% + 3(0311 +w4 = O

When the w’s are not all zero (6) has at most three distinct roots in /;; there
are then at the origin at most three possible slopes for an invariant curve y =y(x)..
The directions determined by these slopes we shall call the invariant directions.

If aroot I, =1;; of (6) is substituted in the second relation in (I) and No(l1;) 5 0,
I is uniquely determined: lp = Iy ; if this process is continued and always \,(l11)
# 0, the coefficients /;in (3) are all uniquely determined. ,

THEOREM. If Iy 1s a root of (6) and not a root of \,(li) = 0, n > 1, there is
one and only one formally invariant curve tangent at the origin to the invariant
direction of slope L. If, moreover, (6) has three distinct roots and no one of them
satisfies \,(h) = 0, n > 1,there are precisely three formally invariant curves
through the origin.

It may happen that \,(l;;) = 0; if then the sth relation is not illusory, l, = I
leads to a contradiction; if the 7th relation is illusory, I; may be undetermined
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and there is a possibility of ®?! formally invariant curves all tangent at the origin
to the invariant direction of slope I;;.

It is conceivable that Iy, L, ;3 might all lead to contradictions. We shall
show in §4, however, that when (6) has three distinct roots there is always
one which yields a formally invariant curve. A simple root of (6) can, as we
shall prove, satisfy at most one equation A,(l;) = 0, while a multiple root either
satisfies no equation \,(l;) = 0 and hence yields a single formal y-series, or it
satisfies every equation \,(/;) = 0 and various possibilities arise. If the cubic
(6) is illusory, M\, (l}) = 0 is satisfied by at most one value of /; and this is the
same for every #; hence we may say that for ‘‘almost every value of /,"’ there is
a formally invariant curve.

Some of the difficulties involved in proving a formally invariant series
E:; JLx* actually convergent are evident from the discussion in §6 of a particular
transformation, for which a formally invariant series always exists but is con-
vergent only when very special conditions are fulfilled.

2. The general formula for the determination of the coefficients in the power
series development of an invariant curve. In order to write in compact form
the general relation (I), we introduce a special notation. Given #, #, %, ...,
where we assume that the weight of ¢, is # — 1 and that the weight of a product
in the #'s is the sum of the weights of the factors; then by S; x(titiy1, .. .),
7 2 1, we mean the sum of all different ordered products imim, ... t,; in
t;, t; 41, -.. which are of degree j, j a positive integer, and of weight k, £ a
positive integer or zero:

Sialtitigr, --.) = Zt_.,,lt,,,,... b
ml+m,+...+m,~=j+k

where the summation is over all possible different ordered sets» m;, m,, ...,
mj, such thatm, =<and 2,_m, =7+ k. 1f ¢ > k/j + 1, there exist no prod-
ucts by, . .t as defined:

Siklitivr,...) =0 @ >k/j+1);

in case ¢ < k/j + 1, products tm, - lm, as defined do exist and for them
1t <m, <k—1 + 147 thatis,

Sj,k(tir . ) =Sj’k(t,', . “’tﬂ) (’1- _S_ k/] + 1, P = k - 1:] +'i +])
We also agree that

SO,O(ti t,‘+1. ) = 1, SO,k(ti,ti+lv . ) = O,k # 0 for all 1.
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Ify= 2,-:1 1", then the coefficient of #’ " in ¥, 7 20,is Sially o liyy).
Putting y’ = 2:,051.,,, ..., l,,+1)x'i+” into %, = x + E;+;°_2a;jxiyj and de-
noting the total coefficient of «* in the result by A;, we have

k
Ai=1,4, =Y a5Sn—ijlhy - hmicjra) B> 1L
i+j=2
. i ® ki . ® J+n
The jth power of x; 12 = (Zpo1 Apx)’ is 2,205 j4(A1, ..., Ay )% ac-
cordingly the total coefficient of x* on the right-hand side of (4) is

k
les_,',k_j (Al, ceey Ak—j+ 1).
j=1
Since S; (A1) = A"i = 1, this becomes J, for £ = 1, and becomes

k—1
lk + Eljsj,k—j(Al’ ey Ak—j+ |) for k > 1.

j=1

To get the coefficient of " on the left-hand side of (4), we have

n=y+ Zbijxiyj= Z (I, + B,)x*, where
k=1

i+j=2

k
Bl = 0, Bk = Eb,oij,k_,-_,-(ll, .. -)lk—t'—j-l-l)» B> 1.
i+j=2

The general relation (I) may therefore be written:

k—1
(70) Eljsj,k—j(Alv ‘-~’Ak—j+1) = Bk, B> 1.

i=i
To aid in the expansion of (7a) we next show that

. i1, g
i—i1 61—t i2—is n
[ t, [ i

. a1
(=) ! (11—15)! (1a—15)! (Fpm1—1n)! 2a!

(T1a) Sjalt, ..y tyg1) = 72

’

where f 2 41 24, = - = 4, and Z;_, 4, = n. For, from the definition of
SieC...)

j .
7! i
IIb Simlty s tapr) = D =t TS, 4ty Iy
(ITb) ia(t +1) ..Zq:)(]—h)'h (2 +2)

11

1! -
tx,n(t‘l- cotn—i 2) Z YR tﬁ" "Si,, n —tl+a,(t8’ cortn—ii—ia + 3)
470 (i—n) 14!
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and so on; hence

Zj: t] i 12 tu—iz
Sin(ta )=1! 2
SR A P n+l =1
1= 0 11)' =0 \? _1'2)'
iu—l 'n—x_i" i.” in —tnt1l
tn bet1

S£n+l» (I(tn+2» .. ')

cey

i,=0 (in~l —’l,,) !’.n-}-l =0(in_in+l) !
where g=n—2,21%, + i,y ;.

Since S; , (41, . . ., ¢, +1) hasno ¢ with subscript greater than# + 1, S(t, ;. 5,.. .)
is independent of ¢ and is equal to unity; hence both its degree and weight must
be zero. Accordingly ¢,,; = 0, # — 2,.; % = 0 and the last sum becomes

i
tut 1
7,!
summation is taken over all possible ordered values of 4, ..., 7, for which

If we use a single summation sign, understanding thereby this, that the

j= 4242 - 2 inand Zk_; 1, = n, we have the formula (I1a).

By means of (IIa) and the formulas for A, and B, we could write out the
relations (7a). We facilitate this, however, by rewriting, with the aid of (I1b),
the relations (7a) and the formulas for A, and B, in forms showing the exact
manner of their dependence on /;,. We have, namely, for A, and B,, denoting
differentiation with respect to [, by primes:

el

Z Z ;__ a; »Sj,k—i(lz" ey lk—t’—j+2)’
(1Ic) (k> 1,1i2z2),
E Z B S il - i i)

1=2

where m is the smaller of the two integers, 7,k — 7and «; = E a,l, B;= Zb,,l;

r+s=i¢ r+s=i
Instead of (7a) we have:
(7b) ZZ (] 1)'1' Sik-5(As, ..., Ap_i_j42)—Br =0, k> 1,
=~ _

where m = k/2,if kiseven,and m = (k—1)/2, if k is odd. This is our final
form for the relations for the determination of the I's. It may be expanded by
means of (IIb) and by the formula:
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. tj—iz ti|—i2
Sinllyy sty =13
(I1d) ’ b Z (G—i)! (l1—12)!

‘n—i—l—i,,_i tn—j

ba—it] bheit2

(njm1=tw= ) Tpj!

of (ITa) when thezof S; ,(#;, . . .) has been increased from one to two.

From (IIc), the weight of A, or B, in the I's is k — 2; therefore the weight of
S;n(A; ...)in the I'sisn —j. The weight in the I's of the ¢th term in (7b)
is(k—7—1) + (j— 1) = k — 7 — 1 and this has its largest value & — 2
whens = 1. Hence (7b) contains no [ with subscript greater than £ —1 and is,
except for the case £ = 2, linearin,_;.

The coefficient in (7b) of I,_;, k > 2, which we denote by N\, _; (L), is Ne—; (h)
=hay—By+ (k—1) az = (k—1) @ — bu + (kan — 2bw)h + (¢ + 1)awl],
k > 2. The terms La, — B, come from LSy,,_;(As ..., Ay) = LA, and
B,; the term (k — 1)ay is from (B — 1)I,_;S1,1 (A2) = (B — 1)I,_A.. In (7b)
the terms of weight zero are lia, — $,; they come from ,S,,,_ (A1, ..., Ap) =
LA, and B,.

3. Invariants and invariant systems of equations for the transformations 7.
An analytic curve through the origin invariant under T is transformed by an
analytic point transformation U leaving the origin fixed:

U %= ki, y =3l

i4+ji=1 it+j=1

wherej =24 2% 2 -+ 24,_;and Z%_{1 = n—7. This formula is the analogue

into an analytic curve through the origin invariant under 77 : 77 = U—'TU.
Hence the study of any transformation T’ equivalent to T with respect to the
transformations U suffices for T and for all transformations equivalent to T,
that is, for the least invariant class of transformations with respect to the group
U, to which T belongs. The least invariant classes of transformations 7T, as
far as quadratic terms are concerned, are the same with respect to the group of
all analytic transformations U as they are with respect to the group of affine
transformations:

S: x =kx+Ekay, y=he+lny, A= kda—kalo = 0.

The equations giving the values of the coefficients q; i b; ; of the quadratic
terms of the transformation T': T'=S"'TS in terms of aso, a11, Goz, beo, b1, bz
constitute the so-called “group of parameters.”* If we introduce instead of

* If the transformation T is to be area-preserving, ws, w, must vanish. ‘This geometrical

significance of ws, ws was suggested by Birkhoff’s paper, Stability in dynamics, read before the
Society, September, 1918.



158 M. F. CURTIS [March

G0, . . ., boa the following linear combinations of them:
@ = Qog, g = a1 —be wa:%o—bn
1 3 ) 3 ’
_ b an + 2b02 . bu + 2(120
W= —by, W= ———— , W= — ———
3
so that

Gz =w3—ws, Au=ws + 2w, Az=wy,
boo=—w1, bu=—(2ws + we), bor=w;—w,

the group of parameters becomes:

w1= Ai {klso w1—3k§ok01€02 + 3k10k§1 ws—kgl m},

we= % {kol(lm wi—hows) + 2kakio(lio we—ln ws) + Bo(lor we—lio ‘“’1)}
ws= Zl—— {lm(klo w1—ko w2) + 2lolor (ko ws— ko we) + 1, (k1o ws—kor wa) }
w1= .Al- {l 5 wa— 3o ws + 3lodh wa— 13 }’
o= = {k w5+ koo }

5 2 10 W5 01 We
me= L {z s+ 1 ozs}

6= A 01 We 10 .

The matrix of the infinitesimal transformations of this group, Gi(x, ¥, w,

.., wg), is essentially the matrix for obtaining the covariants of the binary cubic:

w1y® + 3wexy? + 3wx?y + wr®, where y = we, ¥ = ws.* The relative invariants
of G, are:

fi=wrwf + 3 o w5 wg + 3ws wp ws + wiw,

fo= (01 ws—w}) 0§ + (w1 ws—w2 wa)ws v + (w2 au—ws)wﬁ,
f3="6 wy we w3 wg—4 w1 03— 40] Wi — 0} W] + 3 W} w3;

that is, the binary cubic, its hessian and discriminant. The invariant systems
of equations for G, are found from the matrix in the usual fashion.

The absolute invariants and invariant systems of equations determine the
least invariant classes of transformations T, as far as the quadratic terms are
concerned. If we denote by (as, ..., bw) the homogeneous coordinates of a

* 1ie, Continuierliche Gruppen, p. 733.
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point in five-dimensional space, these least invariant classes of transformations
T are represented by the following least tnvariant spreads in R;:

ms: hife:fs=a:b:c, a,b,c not all zero;
f91=wz w4 2w3 w5 ws + Wy}, s, wg not both zero,
my:  { = wiwp+ 2w w5 s+ ws w5, W, g, ws, wg ot all zero,
| we we + ws ws=c ws we, c arbitrary;
(5] w
my: ws=ws=0, f3=0, rank of||“*“* **|l two;
N
my: w=wy=ws=wy= 0, ws, we not both zero;
w
m: ws=ws=0, rank of lw’ml one.
w3 W4

These classes remain mutually exclusive, though not necessarily least invariant
when all terms of T are used.

4. The existence of formally invariant curves. A sufficient condition that
there exist along the invariant direction determined by a root of the cubic (6):

(6) L(h) =wil? + 8wal? + 3wsh + wi=0, w1, we, ws, wg not all zero,

just one formally invariant curve is that the resultant of L(};) and \,(l)

n+2

(8) No(h) = 3

L'(ll) + (”—1) (w;,ll-wg)=0 (n = 2, 3, .o .),

does not vanish for #» > 1, # an integer. This resultant set equal to zero and
freed from a factor w;* is:

9) Nn)y=n-12*f+4+3n+2) m—1)fe + (n + 2)2f;=0.

THEOREM 1. A sufficient condition that there is in each of the tnvariant directions
determined by the roots of (6) just one formally invariant curve s that (9) is satisfied
by no integer greater than unity.

In determining whether a particular root of (6) satisfies an equation (8) it is
essential to distinguish between simple and multiple roots of (6).

THEOREM 2. A simple root of (6) can satisfy at most one equation (8). A
multiple root of (6) satisfies no equation (8) if fi, fa, fs are not all zero; it satisfies
every equation (8), if fi = fo = f3 = 0.

* If, for T, wx = 0, we have only to take an equivalent transformation whose representative
point does not lie in w; = 0. This is always possible when L (4;) #0.



160 M. F. CURTIS [March

For, if A, (I1)= 0and\, (1)=0, m # n, then L'(11)=0, ws h—ws= 0,
and every equation (8) has lyasaroot’ If wsly — ws = 0 and ws=0, then ws=0
and 1, is one of the two roots of L’(l1) = 0;if ws # 0, l; = ws/ws and this satis-
fies L'(l;) = 0. In either case

Q = w1w§ + 2wpwsws + wawi=0.

LemMA 1. Two and hence all equations (8) have a common root when and only
when Q = 0. The common root always satisfies L'(l;) = 0 and of ws # 0, 1t s
wg/ Ws.

A common root of the equations (8), if it is also a root of (6) is, since it satisfies
L’(ly) = 0, a multiple root of (6). In this case (9) is satisfied for all integral
n, n = 2, and hence f; = fo = f;=0; conversely, if (6) has a multiple root and
fi = fo = f; = 0, this multiple root satisfies every equation (8).

LEMMA 2. A root of (6) satisfies two and hence every equation (8) when and only
when 1t 1s a multiple root of (6) and f1 = fo = f5 = 0.

A simple root of (6) can, therefore, satisfy at most one equation (8). On the
other hand, if a multiple root of (6) satisfies one equation (8), then, since it satis-
fies L'(l;) = 0, it satisfies every equation (8) and fi = f» = f; = 0. Hence,
if fi, f2 f2 are not all zero, a multiple root of (6) satisfies no equation (8). This
completes the proof of Theorem 2.

A simple root I, of (6) either satisfies no equation (8) and hence yields a single
formally invariant curve, or it satisfies just one equation (8): M) = 0.
If \,() = 0, then \"(l) # 0, n % m, and b, L, ..., l,_, are uniquely
determined from the first m — 1 relations derived from (4). When their values:
ZI, E, E, . [m_l are substituted in the mthrelation, it is either contradictory
or illusory; if it is illusory, I, is undetermined and the subsequent relations give
for any chosen I, since M) # 0, n # m, unique values of 1, , (r = 1,2, .. ).

THEOREM 3. A necessary and sufficient condition that a simple root of (6) yield
a unigue formally tnvariant curve 1 that 1t does not satisfy an equation (8). If 1t
satisfies an equation (8), it yields either no formally tnvariant curve or a single
infinity.

If ljisa multiple root of (6) and f; = fo = f; = 0, there is by Theorem 2 an
immediate contradiction unless the second relation of (I): a3l; — B3 = 0 is satis-
fied by I,.

THEOREM 4. If fi, fo, f5 are not all zero, a multiple root of (6) always gives a
formally invariant curve. If f, = fo = f; = 0, a necessary condition that a multiple
root of (6) lead to a formally invariant curve s that this root satisfy ash — Bz = O.

We now proceed to determine when the conditions which we have set up for
the existence of formally invariant curves are fulfilled. If f,, fo, f3 are not all
zero, there is always at least one formally invariant curve. This follows from
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Theorem 4 if (6) has a multiple root. To show that at least one of three distinct
roots of (6) leads to a formally invariant curve, we shall prove a number of lem-
mas.

LEMMA 3. If f1, fo, f5 are not all zero, then of the roots of (9) considered as an
equation in n:

(fr +3fa + fo)n® + 3(—fr + 2f)n? + 3(fi—3f2 + 4fs)n—fr + 6f2 + 8fs=0,

at most two can be integers greater than unity.

If f1, f2, f5 are not all zero, (9) considered as an equation in % is not illusory.
Iffi + 3f + f5 = 0 the lemma is obvious; if fi + 3f: + f; # 0 and two of the
roots are integers greater than umity:r; = 7. > 1, the remaining root is
(r + 72 —2)/(rir2—1) and hence is less than unity.

According to this lemma the three roots of (6) cannot each satisfy a different
equation (8). That two of them can not satisfy N\,(l) = 0, » > 1, while a
third satisfies \,(li) = 0, m > 1, m # n, we shall show by proving that the con-
dition that L(l;) have \,(l;) as a factor isthe same as the condition that (9)
have a double root.

The condition that L(l;) contain \,(l;) as a factor is that the rank of the matrix

(n + 2)wn 2(n 4+ 2wy + (n—1)ws (1 + 2)wz— (n—1)ws

10) i + 2)an— (n—1)ws 201 + 25 + (1—1)ws (1 + 2oy

is less than two, that is, that

dr = 2(n 4 2)%dys + (n + 2)(n—1)dss + (”—1)260%:0,
(10(1) dz = (n + 2)2(113 + (n + 2)(’}’1«— ])dg.;— (n— 1)2(.050)3'—'—0,
ds = 2(n + 2)%d + (n + 2) (n—1)du + (n—1)%; =0,

where d;; denotes the determinant made up of the sth and sth columns of the
matrix:
W1 ()] W3 — Ws

w2 W3 W4 W)

Then

w§d1 + 20)5(05(12 + w§d3 = 2(% + 2)2f2 + ('n + 2)(%— l)fl =O:
(10b) dudy—disds + dpds = (n—1)%f; + (n + 2)%;=0,
d14d1—2d24d2 + d34d3 = 2(% + 2) (”_ l)fz + ("_ 1)‘71=0-

Hence

(1) fiiferfs=2m 4+ 2)%: —(n—1)(n + 2)2: (n—1)3, n > 1.

Conversely, if f1 : f, : f; are given by (11), it follows by retracing steps that the
rank of the matrix (10) is less than two.
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LEMMA 4. A necessary and sufficient condition that two of the roots of (6)
are the roots of \,(l,) = 0, n > 1, is that

ffeifi=2+2)%: —(n — 1)(n 4+ 2)2: (n—1)3, n> 1.

On the other hand, (9) has a double root, that is, N(#) = 0 and N’(n) = 0
have a common root, when and only when f, : f; : f; are given by (11).

LEMMA 5. A necessary and sufficient condition that two of the roots of (6)
are the roots of \,,(li) = 0, m >1, is that n = m is a double root of (9).

This completes the desired proof.

THEOREM 5. If fi, fo, f3 are not all zero there exists one curve through the origin
formally invariant under T.

If i = fo = f3 = 0, (6) always has a multiple root, which by Theorem 2 satis-
fies every equation (8) and, unless conditions depending on the coefficients of
terms in T of higher degree than the second are fulfilled, the multiple root yields
no formally invariant curve. If f; # 0, that is, if the rank of

w1 W2 W3
e W3 Wy

(12)

is two, (6) has also a simple root and this root vields in general a formally in-
variant curve. For, if the rank of (12) is two and w; = ws = 0, the simple root Z;
of (6) satisfies no equation (8). If ws # 0, the double root is ws/ws, and the simple
root is

_ Bwaws + 2wiwe

wW1ws

l=

If \,(I) = 0, n > 1, we have, using the notation of (10a)

. w: + 2d14

n> 1.

w:—du ’
Similarly in case ws # 0,

2
n= ~w6_+2(13_4’ n> 1.
0): - d34
In place of either one of these ratios we may use the equal ratio:

- w§ + 2(d14 + d:u) "|' wz
wﬁ— (du + du) + w: '

which can be shown to be an invariant when f; = f, = f; = 0 of the transforma-
tion T under the affine transformations S.
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THEOREM 6. If fi = fo = f3 = 0 and fo # 0, the simple root of (6) yields a
Sformally invariant curve unless M s defined and has a value equal to an integer
greater than unity.

If (6) is illusory, N,(}) = (# — 1) (wsly — we) and for every value of /; except
perhaps for the value wg/ws there exists a formally invariant curve.

5. Classification of the transformations T according to the common factors

of the quadratic terms. Theleastinvariant classes of transformations T as far
as their quadratic terms:

a(r,y) =a:00? + anxy + awy?, B(x,y) =bex? + buxy + bey?,

a(x,y), B(x,y) not both identically zero, are concerned, may be classified, on
the basis fundamental in Levi-Civita’s discussion of stability* into the three
types:

Typg 1. alx,y), (B%,y) have no common factor in x,y;

TYPE 2. a(x,y), B(x,y) have one and only one common factor, linear in x,y;
TvypE 3. a(x,), B(x,y) are linearly dependent.

In making the classification we assume w; = 0.f The least invariant spreads
. . . . . . !
in this case are the intersections of the least invariant spreads mis, ma, m,, m,,
! .
m,, of Gy with wy = 0:

M,: fitfeifs=a:b:c, a, b, ¢ not all zero;

Ml' W3 =we= 0, w2:w5=g:h,g?f 0;

’ D1=D2=Da=0, w3:w6=g:h,g # O,
M;: we=wz=ws=0, wws ¥ 0;
M7: wy=w; =w3 =0, ws, ws not both zero;
Moi w2=w3=w5=ws=0, w1;¢50§

where D; denotes the determinant obtained from the matrix:

by omitting the sth column. In particular, ms, my, m, yield, respectively, M,,
M:,M o; the intersection of m» with w, = 0 consists of M, (g % 0) and M, while
that of m, is My(g = 0). Each of the %! spreads M, is made up of two distinct
continua as indicated; by the G, a point P on one can be transformed into any

201 wg —ws
3(02 2013 We

* Levi-Civita, Annali di Matematica, ser.3, vol. 5 (1901), p. 242. He shows
that the transformations:
n =%+ x? + yax + by) + Ux,3), 1 = y(1 + cx + dy) + V(x,3)
are unstable, except perhaps for ¢ = 1.

t If for a given T, ws 70, we have only to take an equivalent transformation for which
wg = 0.
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point P’ on the other, but by the sub-group G; with l,p = 0, for whichws = 0
is an invariant equation, a point P on one cannot be transformed into a point
P’ on the other.

The least invariant spreads for ws = 0 which are of Type 1 are those for which
the resultant: f; + 3f; + f; of ax,y) and B(x,y) does not vanish. Those of
Type 3 are determined by considering in detail the three cases: a(x,y) # 0,
B(x,y) #0; alx,y) Z0, B(x,5) =0; alx,y) =0, B(x,y) #0. Those for Type
2 are then obtained by exclusion. The resulting classification of the least in-
variant spreads for wy = 0, together with a representative transformation for
each least invariant spread, is:

Type Spread Representative Transformations
(1a) My(a + 3b +c¢ #0) {x1=x+a20x2+auxy+y2+ g # 0
=y +xy +
(2(1) M‘.’.(a+3b+c =0, x1=x+auxy+y2+
abic# 2:—-1:1) {y1=y+xy + -
(20)  Mi(g:h#—1:2, fri=x+awxy + -, an # 0,1,
g:h#1:1) \y1=y +y24
(2¢) M {x1=x+xy+
n=y+y:4+--
(2d) M; (=x+xy+2+

L=y +y 4+
(3a) My(a:b:c=2:—1:1) {x1=x+x}.+
n=y+txy+ -
(3b) Mi(g:h=—1:2) {x1=x+
n=y+y*+ -
(3¢) Mi(g:h=1:1) fri=x+xy+ -
Iy=y+
(3d) M, {x1=x+y2+

The representative transformations as given for the non-singular least in-
variant spreads, that is, those for which fi, f2, fs are not all zero, are easily ob-
tained by using the fact that when ws = 0 these non-singular least invariant
spreads. are given by:

G = aw’ + 3bwiws + cwi=0,

H = awl(w:—wws) + bwiwies — cwsws(wews + wsws) =0,

and by showing that it is always possible to take not only by = 0 but also bez = 0,
by = 1. ‘Those given for the singular least invariant spreads can be picked out
at once.
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Each of these representative transformations has been chosen without regard
to the particular invariant direction brought into coincidence with the axis of x.
Hence for each representative transformation we have to consider the possibility
of invariant curves not only in the direction of the x-axis but also in the other
invariant directions. It is, however, of advantage to have the invariant direc-
tion to be discussed always along the x-axis, that is, to supplement each repre-
sentative transformation by one or more transformations which have, respectively,
along the x-axis the non-equivalent types of invariant directions for the least
invariant spread in question. If the transformation T as given has an invariant
direction [;, besides that along the x-axis, we transform T into T, so that T has
its corresponding invariant direction 1,, along the x-axis. If each T can be taken
in the same form as T, then T suffices; otherwise to T must be added transforma-
tions representative of the T which can not be taken of the form T.

Denoting by the subscripts 1 and 2 two equivalent transformations with non-
equivalent invariant directions along the x-axis, we have as our complete classi-
fication:

(1a5 t1=% + agx® + auxy + 9 + -+, a0 # 0, agal, # (2a20—1)2,

n=y + %y +
(la) =%+ aew?® + auxy +y2 +- -, ag # 0, azal, = (2a20—1)2,
Nn=y +xy +
(la2) mi=x% + 2%+ any’+ -
Nn=y +y2+
(2a) m=x+amwy+y*+ - Q@) m=x+awx®+xy+ 070,
n=y+zxy + n=y +ay+ o
(2b)) m=x+awxy+ -, an#0,1, (2b)) m=x-+224 -
n=y+y*+ - n=y+buxy+ -, bu#0,1
(20) m=x+2xy+ - (2c) m=x+x*+ -
n=y+92 + p=y+xy+ -

2d) m=x+xy+y*+ -
ph=y +924

Ba)) xm=x+zxy+ - (Baz) m=x+a1 +xy+ -

n=y+txy+ - n=y+ -
Bb) m=x+ - (Bbe) m=x+ a2+ -

;v1=y+y2+"' n=y4
Bc1)) mi=x+xy+-- Bcy) x=x+ -

p=y+ nw=y+xy+ -
(Bd) m=x+y*+ -

n=y+

These type forms are mutually exclusive; moreover, two transformations of
any type with different values for the constants of that type are mutually ex-
clusive.
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From a consideration of equation (9) it follows that:

THEOREM: If the roots of (6) are distinct there are at least two curves formally
invariant under Type 1a;; if aw = O there are three. If the roots of (6) are distinct
there are at least two curves formally invariant under Type 2a,; if they are not dis-
tinct each root yields a formally invariant curve. There are under Type 3a; three
formally invariant curves.

In Types 2bs, 2¢3, 3bs, 3c; the simple invariant direction is along the x-axis
and it is easy to discover, by computing the value of M, when the simple root of
(6) gives trouble.

THEOREM. I[n Type 2by, if bu is not an integer greater than two, the simple
root of (6) yields a formally invariant curve. In Type 2cs, every root of (6) yields
a formally invariant cirve; hence there are under Type 2c; © ! formally invariant
curves. In Types 3bs, 3cy the simple root of (6) yields a formally tnvariant curve.

6. Curves invariant under some special transformations. If the curve
y = Y(x) is invariant under:

=z +fx) = =,

x

n=y + o(x), by=0,

a3) T:

then y(x) is a solution, analytic at the origin, of the functional equation:
x
Y(x) + o(x) =y (— )
1—x

The equations (I) here become /; = 0 and

k! k! k!

b = —I] . — I _ k=2 3,...).
k1 (k—l)!2 + S1e—2)1 ® l+(k—1)! ke ( )

The equations & = 2, .. ., k solved for [, give:

1 1 . 1 1
L==0b My——b, + -+ M,_,—b k=2,3,...),
G=D)! Sty e+1 T+ l(k—l)! e+ o+ My 25, ( )

where the M’s satisfy the relations:

1 M1 M2
(k—l)!+ (k—2)! + (k—3)!

+ o+ Myg=0 (£=3,4,...),
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that is, are the coefficients in the power series development of the function

Hence

e—1
@ 1 1, \.
kz P 1)' =k-2<k' k+1+M1(k Y by + - +Mk—22—lbs)x
x  1& bf!

F—1 xfh (k—1)1

””xn—l

If for an arbitrary series n(x) = E: _2 U,x", we define the series n;(x) = n—1)!
n=2 \B— N

as the associated n-series, this relation becomes:

o1(%) = (¢* = () *

x
. . — — 1’_1
or since fi(x) ”2_2 =11 =g

(14) e1(x) =fr(x)a(%).

In order to determine when, for f(x) = 2:_2 x” and a given ¢(x) convergent
for le < p, there exists a convergent y(x) satisfying (14) we shall have to dis-
cuss in detail the relationship of a series 5 (x) to its associated series with respect
to convergence and divergence. Since the series E:.z v ! converges and di-
verges for the same x as n(x), we may equally well consider its relationship to
m(x) or more simply, the relationship of 8(x) == ,— 1! u,x" and 6i(x) = Zpo 15"

If 6(x) converges, 6,(x) converges for all ¥ and is an integral function; if
6:(x) is an integral function, we make use of the classification of integral functions
according to their strength of convergence, or, more precisely according to their
\-, u-, v-indicest in order to determine the behavior of 6(x).

The M-index of the integral function 6,(x), whose zeros are:cy, ¢z, . ., Icl| < |4:2|
=< ..., where x = 0, if present, has been excluded, is, if it exists, the number

- i = 1 1
N = 0, such that, for every positive e, Z P . converges, whereas |—|,‘_—‘
n=1|C n=1|Cn

diverges.
The p-index of 0,(x) = Zo.,u,x" is, if it exists, the number p = 0, such that to
every positive e

(a) |u,,| < — for all n > m,,
(b) |u,,| > +, for some arbitrarily large #.

* The deduction of this functional equation is due to C. L. Bouton.
1 Vivanti-Gutzmer, Eindeutige analytische Funktionen, pp. 228-230,
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The v-index of 6,(x) is, if it exists, the number » = 0, such that to every posi-
tive €*

(a) IBl(x)l < e

®) Iol(x)l > ¢®"™¢ for some arbitrarily large x.

for all |x| > r,

In case an index does not exist, it is said to be infinite. The following
theorems are dependent on the definition of the u-index:

THEOREM 1. If 6,(x) has p-index infinite, 6(x) is an integral function with
u-index infintte, and conversely.

THEOREM 2. If0,(x) has p-index equal to u,, then
(a) if m > 1, 0(x) is an integral function, with py-index equal to yy—1 > 0;
) if m < 1, 8(x) is divergent and

1_
In!u,,l < alt7Hte s om,

|l—m—e

ln! u,,| >n , for some arbitrarily large n, and conversely.

If yy, = 1, then ln! u,,l < n!*foralln > m, n!u,,l > n!”° for some arbitrarily
large », and 6(x) may be an integral function with p-index equal to zero, or may be
convergent for lxl < p, or divergent. To distinguish these three cases, we
introduce, in connection with the »-index, which here is unity, since w» = 1,}
a subindex v, and thus obtain a further classification of integral functions with
p-index unity.

For 6,(x) with p = v =1,

|61(x)| < e:::”‘ for all |x| > 7,

(a) the y-subindex is infinite, if { =l o
|01(x)| >et for some arbitrarily large x;

[0:(%)] < et for all |x] > 7.,
(b) the v-subindex is v # 0, if { |
~|671(9c)l > "9 for some arbitrarily large x;

:(x)| < e for all |x| >,
(¢) the «-subindex is zero, if {' ' I . I !
|61(x)| > " “for some arbitrarily large x.

Pringsheim§ shows that these three pairs of inequalities on lol(x)[ lead re-
spectively to the following three pairs of inequalities on lu,,l and conversely:

* Pringsheim, Ganze Funktionen, Mathematische Annalen, vol. 58 (1904),
p. 262.

t Pringsheim, loc. cit., p. 279; Vivanti-Gutzmer, loc. cit, p. 267

1 Pringsheim, loc. cit., p. 264.

§ Pringsheim, loc. cit., pp. 278-279.
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1
{ || < e for all n > m,,

(@) 1
|u,,| > e for some arbitrarily large #;
y+e”
|u,,| < ( ) for all n > m,,
n!
() "
| I - ("y—é) f bi il .
Uil > T or some arbitrarily large #;
en
|u,,| <-— for all u > m,,
n!
© 1
[u,,l > e for some arbitrarily large #.

The corresponding inequalities on the coefficients of 6(x) are:

@ {ln!u,,l <n! foralln > m,
[n!u,,| > ¢~ " for some arbitrarily large #;
® {|n!u,,| <(y+¢" forall w > m,
|n!u,,| > (v — €)" for some arbitrarily large n;
© {]n!unl < ¢ foralln >m,,
¢ ln!u,,| > nl™¢ for some arbitrarily large .

Hence we conclude the following theorem:

TaEOREM 3. If 6i(x) has u-index equal to unity, then
(a) if v is infinite, 8(x) diverges;
1

(b) if  is finite, not zero, 6(x) converges for |x| < Ty ;

(c) if v is zero, O(x) is an integral function with p-index equal to zero, and con-
versely.

We are now in a position to discuss the conditions for a solution of the equa-
tion (14).

THEOREM 4. A necessary and sufficient condition that there exist a convergent
Y(x) satisfying (14) and hence that there exist an analytic curve y = Y(x) tnvariant
under (13) is that ¢:(x) contain among its zeros the zeros: 2nwi, & = 0, = 1, =2, . .,
of filx) = " — 1. The radius of convergence of Y(x), when Y(x) converges, is at
least as great as that of ¢(x).
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The condition is necessary, for if (x) is convergent, Y1(x) is an integral func-
tion and ¢;(x) must have among its zeros the zeros of fi(x).

It remains to show the condition sufficient. The function fi(x) has the zeros
2nmi, its N-, p-, v- indices and y-subindex are all unity. Since ¢(x) converges,
te, is, by Theorems 1 and 2, greater than one, or, by the Theorem 3, equal to one
with vy,, finite. Suppose p,, >.1; then since v = 1/u and X = »* it follows
that \,, < 1; but in order that ¢,(x) have among its zeros the values 2nmi, \,,
= 1 and hence a contradiction. We thus have

Mo, = 17”(01 = 1 and Yo, finite, )‘m =1

We next prove the lemma:

LEMMA: If for a given v, v, |\h(x)| > for some arbitrarily large x, then for

any positive ¢, there exists some arbitrarily large x for which |¢1(x)| > 7T,

With the points x = 2nws as centers and radius n <w/2 draw circles. De-
note by S, that part of the plane which remains after the interiors of the circles
have been removed. In S, |e’— 1| 2 (1— 1/€"), for in the fundamental region:
—7 £ % < 7, X = % + 1%, exclusive of the interior of the circle lxl =q,¢—1
has its minimum in x = —1.

Denote by X those of the given x which are not in S,. We replace each
X by that x in S, which lies on the circle, center in X, radius 29 and in which
¥ (x)| for the circle takes on its maximum value. Then by Cauchy’s Abschitz-
ungf we have

|1[/1(x)| > |¢1(X)|,that is, |¢1(x)| > "X Since Xl - lxl = — 29, we have

Waw)| > o=

Y €
For each ¢ > 0 there exists 7, such that (1 ——2> >1 - = , for lxl > 7,
Y

[+l

Hence the relation
I'Pl(x)l > e(v—en)lxl"

holds for those lx| > r,in S, which replace the given X notin S,; it certainly
holds for those of the given x in S, and therefore holds for infinitely many ar-
bitrarily large x, x| > r.. We accordingly have |py(x)| > ¢~ (1— 1/¢") for
some arbitrarily large x, |x| > r,. Given a positive ¢, take ¢ < ¢; then there
exists 7, 2 r,, such that (1 —1/¢") > @M for lxl > 7, and hence |¢1(x)]

> ¢~ for some arbitrarily large x, |x| > 7..

* Vivanti-Gutzmer, loc. cit., p. 238.
t Osgood, Funktionentheorie, 1st. edition, p. 255.
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We conclude at once that v, is finite, for if v, were infinite then, by the
lemma, v, would be infinite, whereas it is actually unity. Also by the lemma
Vg S v, thatis, vy, < 1, py, = 1.

If py, > 1, by Theorem 2, ¥(x) converges for all x and the sufficiency of the
condition in Theorem 4 is in this case proved.

If py, = 1, then vy, = v, = 1 and v,, is finite, for, if », were infinite, the
lemma applied for » = 1 yields v,, infinite which means that ¢(x) diverges.
Since vy, = 1 and v, is finite, by Theorem 3, Y(x) converges and the sufficiency
proof is complete.

An inequality which p # 0, the radius of convergence of the y-series, must
satisfy, may be easily determined. From the lemma when v, = 1, v, =
Yy.; also ]¢1(x)| < Il vy Fealal |x| > 7. Therefore vy, < 1 4 v, or v,
= Yy Z Y, — 1. Since y = 1/p, this gives

Py

l—p,p.

ppépd;é

When »,, < 1, gy, > 1 and p, is infinite, while p, = 1 for y,, < 1. Hence al-
ways
p, < py When p, # 0.

According to Theorem 4 the transfbrmation (13) when ¢(x) is a polynomial
beginning with terms of at least the third degree has no invariant analytic curve
¥ = ¥(x) corresponding to the simple root of the cubic (6), though there is
obviously a formal y-series. The curve y = c¢x? is left invariant when o(x) =
2. s(n—1)x", while the curve y = x2/(1— Ax)?is left invariant under (13) when
(%) =x% " (e* - 1).

That the number of invariant analytic curves may be infinite is seen from the
transformation:

n=x+%, 3=y 2xy+ 1%,

which leavesinvariant the oo ! curves y = Iyx?, I, arbitrary; also from the trans-
formation:

=201+ [[ G-e@)] 1 =901 + [[ G-,

j=1 i=1

where ¢;(x) is analyticat x=0, ¢(0) = 0, m,k are positive integers, which leaves
invariant the oo! analytic curves y = l%, I, arbitrary and also the m other
curves y = ¢;(x) 7 = 1,2, ..., m). On the other hand the transformation

n=x4+9%, n=y+4%3

possesses not even a formally invariant curve.
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The results obtained in this paragraph show that we can not in general hope
to predict the number of power series developments formally invariant under a
given transformation, nor, when they exist, can we expect them always to be

convergent.

WELLESLEY COLLEGE,
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